Multiplicity-free actions induced by Dual Pairs

Tobias Pecher

Universitat Paderborn

Symmetric Spaces and their Generalizations - June 26, 2012

T. Pecher Multiplicity-free actions induced by Dual Pairs



Multiplicity-free actions

G reductive group over C, V = V@ Vi finite-dimensional super
vector space.
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Multiplicity-free actions

G reductive group over C, V = V@ Vi finite-dimensional super
vector space.

P(V)=S(Vo)® A\(W)
Super symmetric algebra of V.
(G, V) is super multiplicity-free if for any ' € Irr(G),

dim Homg(P(V),I) < 1.
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Multiplicity-free actions

o If V = Vg, then P(V) = S(V). (MF)
o If V = Vi, then P(V) = A(V). (SMF)
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Multiplicity-free actions

o If V=V, then P(V) = S(V). (MF)
e If V=V, then P(V) = A(V). (SMF)
Classified by Kac, Benson-Ratcliff, Leahy, Howe, Pecher.
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Multiplicity-free actions

o If V=V, then P(V) = S(V). (MF)
e If V=V, then P(V) = A(V). (SMF)
Classified by Kac, Benson-Ratcliff, Leahy, Howe, Pecher.

Let V be irreducible. Assume that G = C* x [G, G], then

T. Pecher Multiplicity-free actions induced by Dual Pairs



Multiplicity-free actions

o If V=V, then P(V) = S(V). (MF)
e If V=V, then P(V) = A(V). (SMF)
Classified by Kac, Benson-Ratcliff, Leahy, Howe, Pecher.

Let V be irreducible. Assume that G = C* x [G, G], then

(G, V) (S)MF < Vk: dimHomg(Pk(V),I) <1
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Series of irreducible (S)MF representations

SMF
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Series of irreducible (S)MF representations

MF SMF
(1) | GL,® GL, (n>0,m>1) | GL,® GLy, (n>0,m > 1)
(2) | GLx®Sp, (k=10,1,2,3) | GLx,® O, (k=0,1,2,3)
(3) | GL1 ® O, (n > 2) GL1 ® Sp,, (n>2)
(4) | GL, ® Spy (n > 2) GL, ® Sps (n > 2)
(5) | S?°GL, (n>2) S2GL, (n >2)
(6) | A>GL, (n > 4) A?GL, (n> 4)

@ Explanation for that correspondence?
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Series of irreducible (S)MF representations

MF SMF
(1) | GL,® GL, (n>0,m>1) | GL,® GLy, (n>0,m > 1)
(2) | GLx®Sp, (k=10,1,2,3) | GLx,® O, (k=0,1,2,3)
(3) | GL1 ® O, (n > 2) GL1 ® Sp,, (n>2)
(4) | GL, ® Spy (n > 2) GL, ® Sps (n > 2)
(5) | S?°GL, (n>2) S2GL, (n >2)
(6) | A>GL, (n > 4) A?GL, (n> 4)

@ Explanation for that correspondence?

@ Further parallelism in the structure?
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Howe duality

Llet V=C"®CPla =Ce CP o C"® CY.
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Howe duality

Llet V=C"®CPla =Ce CP o C"® CY.

Classical group G C GL,, acts on each copy of C".
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Howe duality

Let V=C"®CPlI=C"®@CP&C"®CY.
Classical group G C GL,, acts on each copy of C".

PD(V) = Polynomial differential operators on P(V).
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Howe duality

Let V=C"®CPlI=C"®@CP&C"®CY.
Classical group G C GL,, acts on each copy of C".
PD(V) = Polynomial differential operators on P(V).

PD(V)C ~ P(V + Vv*)¢ = (r20) r.1) r.2))
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Howe duality

Let V=C"®@CPld=C"®CP&C"®CY.

Classical group G C GL,, acts on each copy of C".
PD(V) = Polynomial differential operators on P(V).
PD(V)C ~ P(V + Vv*)¢ = (r20) r.1) r.2))

r(@b) operators of order a — b.
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Howe duality

Let V=C"®CPlI=C"®@CP&C"®CY.

Classical group G C GL,, acts on each copy of C".
PD(V) = Polynomial differential operators on P(V).
PD(V)C ~ P(V + Vv*)¢ = (r20) r.1) r.2))
r(@b) operators of order a — b.

r=r@0gr) ¢r2 e sa. w.r.t. super commutator.
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Harmonics and Invariants

We have natural G x I action on P(V).
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Harmonics and Invariants

We have natural G x I action on P(V).

HK = {x e PX(V): Dx =0 for all D € (%)}

are called '—harmonics of degree k.
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Harmonics and Invariants

We have natural G x I action on P(V).

HK = {x e PX(V): Dx =0 for all D € (%)}

are called '—harmonics of degree k.

G and I commute, so these subspaces are G-stable.
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Harmonics and Invariants

We have natural G x I action on P(V).

HK = {x e PX(V): Dx =0 for all D € (%)}

are called '—harmonics of degree k.
G and I commute, so these subspaces are G-stable.

Let P(V) = @, Ik be the G x l-isotypic decomposition.
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Harmonics and Invariants

We have natural G x I action on P(V).

HK = {x e PX(V): Dx =0 for all D € (%)}

are called '—harmonics of degree k.
G and I commute, so these subspaces are G-stable.
Let P(V) = @, Ik be the G x l-isotypic decomposition.

lo := P(V)€ is a F(1) module.
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Theorem (Howe duality)
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Theorem (Howe duality)

i) (G,I) is a (reductive) dual pair on P(V):

Iy = o) @ Ty

as a G x -module, with o, 7y irreducible and pairwise
non-isomorphic. Furthermore, dim(oy) < 0.
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Theorem (Howe duality)

i) (G,I) is a (reductive) dual pair on P(V):

Iy = o) @ Ty

as a G x -module, with o, 7y irreducible and pairwise
non-isomorphic. Furthermore, dim(oy) < 0.

i) Ip = (I'29) as an associative algebra.
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Theorem (Howe duality)

i) (G,I) is a (reductive) dual pair on P(V):

Iy = o) @ Tk
as a G x -module, with o, 7y irreducible and pairwise
non-isomorphic. Furthermore, dim(oy) < 0.
i) Ip = (I'29) as an associative algebra.

i) m: h®@H — P(V)isa G x I\N-equivariant surjection.
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Theorem (Howe duality)

i) (G,I) is a (reductive) dual pair on P(V):

I = ok ® Tk
as a G x -module, with o, 7y irreducible and pairwise
non-isomorphic. Furthermore, dim(oy) < 0.
i) Ip = (I'29) as an associative algebra.
i) m: h®@H — P(V)isa G x I\N-equivariant surjection.
iv) (G,TD)Y is a dual pair on H
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Dual pairs vs. Multiplicity-free actions

G x I dual pair on P(V)
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Dual pairs vs. Multiplicity-free actions

G x T dual pair on P(V) = G x Tt acts on V = C" @ CPl9,
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Dual pairs vs. Multiplicity-free actions

G x T dual pair on P(V) = G x Tt acts on V = C" @ CPl9,

Up to a shift, this is the natural action of G x gl(p|q).
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Dual pairs vs. Multiplicity-free actions

G x T dual pair on P(V) = G x Tt acts on V = C" @ CPl9,
Up to a shift, this is the natural action of G x gl(p|q).

Let [¥ denotes the G-invariants of degree v. By iii), PX(V) is a
quotient of

Prvy= P Fen (1)
J=0,...,| 5]
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Dual pairs vs. Multiplicity-free actions

G x T dual pair on P(V) = G x Tt acts on V = C" @ CPl9,
Up to a shift, this is the natural action of G x gl(p|q).

Let [¥ denotes the G-invariants of degree v. By iii), PX(V) is a
quotient of
Prvy= P Fen (1)
J=0,...,| 5]

Vk: P(V) mf. as G x TEY mod. = (G x GV, V) (S)MF.
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Classical dual pairs

Dual pairs on P(V) = S(C" ® CP) @ A\(C" @ C9)
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Classical dual pairs

Dual pairs on P(V) = S(C" ® CP) @ A\(C" @ C9)

(G,T) = (GLn,gl(plq)). (On,spo(2p|2q)), (Sp,,osp(2p|2q))
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Classical dual pairs

Dual pairs on P(V) = S(C" ® CP) @ A\(C" @ C9)

(G,T) = (GLn,gl(plq)). (On,spo(2p|2q)), (Sp,,osp(2p|2q))

r(1) = gi(p|q) in each case!
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Classical dual pairs

Dual pairs on P(V) = S(C" ® CP) @ A\(C" @ C9)
(G.T) = (GLy, gl(pla)), (On,sp0(2p[2q)), (Sp,, 0sp(2p[29))
r(1) = gi(p|q) in each case!

Consider special cases p =0 or g = 0:
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'Duality’ of dual pairs

(G,T) on P(Vo) =S(WV) ~ (GY,TY) on P(V1) = A(V1), s. th.
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'Duality’ of dual pairs

(G,T) on P(Vo) =S(WV) ~ (GY,TY) on P(V1) = A(V1), s. th.

@ Vy = Vi as abstract vector spaces,
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'Duality’ of dual pairs

(G,T) on P(Vo) =S(WV) ~ (GY,TY) on P(V1) = A(V1), s. th.

@ Vy = Vi as abstract vector spaces,
o [=T1V.
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'Duality’ of dual pairs

(G,T) on P(Vo) =S(WV) ~ (GY,TY) on P(V1) = A(V1), s. th.

@ Vy = Vi as abstract vector spaces,
o [=T1V.

In this case, we call (G,T) and (GY,TV) a couple of dual pairs.
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Couples for V = C" @ CP

SC®CP) | AC"®C9)

(GLn, gl(plq))
(Spn, 8l(plq))
(GLn, gl(plq))
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Couples for V = C" @ CP

S(C"®CP) | A(C"®C9)
(GLn, gl(plq)) | (GLn, gl(p))
(Spn, 8l(plq))
(GLn, gl(plq))
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Couples for V = C" @ CP

S(C"®CP) | A(C"®C9)
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Couples for V = C" @ CP

SC®CP) | AC"®C9)
(GLy, 8l(plq)) | (GLa, gl(p))
(Spn: 8l(plq)) | (Spa,s0(2p))
(GLn, gl(plq)) | (On,sp(2p))
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Couples for V = C" @ CP

S(C"®CP) | A(C"®C9)
(GLn, gl(plq)) | (GLn, gl(p)) (GLn, gl(q))
(Spa, 8H(Plq)) | (Spn,s0(2p)) | (SpsssP(29))
(GLn, gl(plq)) | (On,sp(2p))
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Couples for V = C" @ CP

S(C"®CP) | A(C"® C9)
(GLn, gl(plq)) | (GLn, gl(p)) (GLn, gl(q))
(Spa, 8H(Plq)) | (Spn,s0(2p)) | (SpsssP(29))
(GLn, gl(plq)) | (On,sp(2p)) (On,50(2q))
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Couples for V = C" @ CP

S(C"® CP) A(C" ® C9

)
(GLn, gl(plq)) | (GLx, gl(p)) (GL, gl(q))
(Spy, 8l(plg)) | (Spass0(2p)) | (Spa,5p(29))
(GLn, gl(plg)) | (On,sp(2p)) (On,50(2q))
(G,I) (G¥,I)

(1)

(2)

(3)
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Couples for V = C" @ CP

SC®CP) | AC"®C9)
(GLn, gl(plq)) | (GL,, gl(p)) (GLy, gl(q))
(Spy, 8l(plg)) | (Spass0(2p)) | (Spa,5p(29))
(GLn, gl(plg)) | (On,sp(2p)) (On,50(2q))
(G,T) (GY,T)
E1; (GLy, gl(p)) (GLn, gl(p))
2

Multiplicity-free actions
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Couples for V = C" @ CP

SC®CP) | AC"®C9)
(GLn, gl(plq)) | (GLx, gl(p)) (GL, gl(q))
(Spp, 8l(plg)) | (Spyys0(2p)) | (Spn,5p(29))
(GLy, gl(plq)) | (On,5p(2p)) | (On,50(29))
(G,I) (G¥,I)
(1) | (GLn, gl(p)) (GLn, gl(p))
(2) | (Spp,s0(2p)) | (On,50(2p))

Mul
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Couples for V = C" @ CP

S(C"® CP) A(C" ® C9

)
(GLn, gl(plq)) | (GLx, gl(p)) (GL, gl(q))
(Spy, 8l(plg)) | (Spapss0(2p)) | (Sp,.5p(29))
(GLn, gl(plg)) | (On,sp(2p)) (On,50(2q))
(G,I) (G¥,I)

(1) | (GLn, gl(p)) (GLn,gl( )

(2) | (Spp;s0(2p)) | (On,50(2p))

(3) | (On,sp(2p)) | (Spnssp(2p))
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Corresponding (S)MF spaces

(G,1) (GV.T) MF SMF
(1) (GLn,gi(P)) (GLy, gl(p))
(2) | (Sppss0(2p)) | (On,50(2p))
(3) | (On,5p(2p)) | (Spa,5p(2p))
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Corresponding (S)MF spaces

(G,T) (GV,T) MF SMF
(1) [ (CLogi(p)) | (CLnal(p)) GL,® GL, | GL, ® GL,
(2) | (Spn;50(2p)) | (On,50(2p))
(3) (On75p(2p)) (Spnvﬁp(2p))
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Corresponding (S)MF spaces

(G,T) (GV.T) MF SMF
) [ (GLo,a(p) | (GLmal(p)) | GLn @ GL, | GL,®CL,
(2) | (Spp50(2p)) | (Oni50(2p)) | Sp,®GL, | 0,®CL,
(3) | (On;5p(2p)) | (Spy, 5p(2p))
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Corresponding (S)MF spaces

(G,T) (GV.T) MF SMF
) [ (GLo,a(p) | (GLmal(p)) | GLn @ GL, | GL,®CL,
(2) | (Spp50(2p)) | (Oni50(2p)) | Sp,®GL, | 0, ®CL,
(3) | (On,5p(2p)) | (Sps,5p(2p)) | On ® C* Sp, ® C*

T. Pecher
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Corresponding (S)MF spaces

(G,T) (GV,T) MF SMF

(GL,,, gl(p)) | (GLn,gl(p)) || GL,®GL, |GL,®GL,
(2) | (Spn50(2p)) | (On,50(2p)) | Sp, ® GL, | 05 ® GL,

(On75p(2p)) (Spnvﬁp(2p)) On & CX Spn ® CX

(1) peN; (2) p=0,1,2,3; (3) p=1.

T. Pecher Multiplicity-free actions induced by Dual Pairs



Symmetry between S(V) and A(V)
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Symmetry between S(V) and A(V)

For (1) - (3) in the mentioned ranges of p, the decompositions of
S(V) and A(V) are the 'same’:
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Symmetry between S(V) and A(V)

For (1) - (3) in the mentioned ranges of p, the decompositions of
S(V) and A(V) are the 'same’:

There is = C Par x Par, €,¢) € {0,1} s.th.

S(V) = @5)\' Vy, ® V), asa G x G module.
AEZ

/\(V) = @5X Vi ® V), asa GY x G module.
AE=
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Symmetry between S(V) and A(V)

For (1) - (3) in the mentioned ranges of p, the decompositions of
S(V) and A(V) are the 'same’:

There is = C Par x Par, €,¢) € {0,1} s.th.
S(V) = @5)\‘ Vy, ® V), asa G x G module.
AES

/\(V) = @5X Vi ® V), asa GY x G module.
AE=

Recall: PX(V) =@; 1% @ H*2.
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Decomposition of harmonics (Cheng, Zhang)

30 —3), Par(plg) = {X: Api1 < g}
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Decomposition of harmonics (Cheng, Zhang)

30 —3), Par(plg) = {X: Api1 < g}
(On,sp0(2p|2g)) harmonics:
ne @ wew,
XePar(plq), M[+X5<n 2
(Sp,, 0sp(2p|2g)) harmonics:

— n plg
H = @ V)‘ ® V)\Jrn%

A€Par(plq), L(N)<3
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Labelling of gl(p|q) representations

h =3 P17 CE;; Cartan, b =3, CE;; Borel subalgebra

T. Pecher Multiplicity-free actions induced by Dual Pairs



Labelling of gl(p|q) representations

h =3 P17 CE;; Cartan, b =3, CE;; Borel subalgebra

For A € b*, let A; = A(E; ;).
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Labelling of gl(p|q) representations

h =377 CE;; Cartan, b =3, CE;; Borel subalgebra

For A € b*, let A\j = A(E; ).
Given a partition A € Par(p|q),

pla
Vi

denotes irreducible gl(p|q) representation of highest weight

A= ()\1,...,/\p;</\i—p>,...,<)\g—p>).
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Labelling of gl(p|q) representations

h =377 CE;; Cartan, b =3, CE;; Borel subalgebra

For A € b*, let A\j = A(E; ).
Given a partition A € Par(p|q),

pla
Vi

denotes irreducible gl(p|q) representation of highest weight

Ni=(An,. A (A=), (A= p)).
A€ Par(p|0) = A= (A1,...,Xp,0,...,0)
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Labelling of gl(p|q) representations

h =377 CE;; Cartan, b =3, CE;; Borel subalgebra

For A € b*, let A\j = A(E; ).
Given a partition A € Par(p|q),
V){qu

denotes irreducible gl(p|q) representation of highest weight

A= ()\1,...,/\p;</\i—p>,...,<)\g—p>).

A€ Par(p|0) = A= (A1,...,Xp,0,...,0)
A€ Par(0q) = A= (A],...,Ay)
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Decomposition of harmonics - Case (2)

(Opn,5p0(2p|2q)) harmonics:
HE = - Vi@ VP9
AEPar(plq), A+AS<n, A=k
(Sp,, 05p(2g|2p)) harmonics:

HE = - Vi e VI
XEPar(glp), (N<8, \=k
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Decomposition of harmonics - Case (2)

(Op,50(2q)) harmonics:
k
e @ wyew
>\1§q7 A§+)\£§n7 ‘Alzk
(Sp,,50(2g)) harmonics:

HE = @ VG © VY
o\ <min(q,2), |\|=k
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Decomposition of harmonics - Case (2)

(Op,50(2q)) harmonics:

He = D Vg ® W
L(N)<q, AMi+X2<n, |A|=k
(Sp,,50(2q)) harmonics:

= S Ve ® VY
()< min(a.2). A=k
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Decomposition of harmonics (n >> k)

(Op,50(2q)) harmonics:

He = D Vg ® W
L(N)<q, AMi+X2<n, |A|=k
(Sp,,50(2q)) harmonics:

= S Ve ® VY
()< min(a.2). A=k
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Decomposition of harmonics (n >> k)

(Op,50(2q)) harmonics:

He= D VigeW
£N)<q, [Al=k
(Sp,,50(2q)) harmonics:

= @D Vyew
(N)Za IN=k
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Decomposition of Invariants - Case (2)

1§ = P %

l11=2j, L(k)<q, pi<n, pi=0(2)
3, = D !
ISpn - Vu
lp=2j, £(p)<min(q,n), pi=0(2)

as gl(g) modules. In particular, 1¥ = lsif;n for n >> j.

n
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Decomposition under H x gl(p)

In cases (1) - (3), the H x gl(p) decomposition of

ﬁk(v) — @ l2j ®Hk—2j

J

is multiplicity-free for p as above.
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Decomposition under H x gl(p)

In cases (1) - (3), the H x gl(p) decomposition of
Pvy= 1@ eon %
J
is multiplicity-free for p as above.

ATTENZIONE:
In case (3), P¥(V) is not multiplicity-free for any p > 1.
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Decomposition under H x gl(p)

In cases (1) - (3), the H x gl(p) decomposition of

ﬁk(v) — @ l2j ®Hk—2j

J

is multiplicity-free for p as above.

ATTENZIONE:
In case (3), P¥(V) is not multiplicity-free for any p > 1.

(SLn ® Sp,) (S)MF!
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N Nl N

GL, GL; GLn, GL, GL; Sp,, Sp, GL2 Sp,,
m Om
GL Sp,,
GL GL
GL, GL, GLn, GL, GL, On, O, GL; On

NN AN
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Super MF spaces (G = G; X Gy x Gs)

N N DY

GL, GL, GL,, GL, GL; Sp,, Sp, GL2 Sp,,
m Om
GL Sp,
GL> GL,
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Corresponding couple

Case (2):

PF(V)= P Vi, ®Va, (GxGLy)
(A1,A2)€=

with A; all pairwise different (if p = 2).
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Case (2):

PF(V)= P Vi, ®Va, (GxGLy)
(A1,A2)€=

with A; all pairwise different (if p = 2).
Given couples (G;,T}), (GY,T;) on V;.

Hi xGLo x Hh O Vi & Vs
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Corresponding couple

Case (2):

PF(V)= P Vi, ®Va, (GxGLy)
(A1,A2)€=

with A; all pairwise different (if p = 2).
Given couples (G;,T}), (GY,T;) on V;.
Hi xGLo x Hh O Vi & Vs

P(Vi® V) = P(V1)® P(Va) = @, , Vi, ®(VE® V2 ) Ve |

T. Pecher Multiplicity-free actions induced by Dual Pairs



Super duality

@, Vi@ VT o GL, x al(plq)

P(C"® CPl7) =
( ) { @, Vi@ VIT  Sp, x 0sp(2p|2q)
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@, Vi@ VT o GL, x al(plq)
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Reciprocity pair on P(V):

(G, ¢)
U N
(H, b
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(H, b

H x g super MF < VA: ResS(Vy) mf.
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Super duality

@, Vi@ VT o GL, x al(plq)

P(C"® CPl7) =
( ) { @, Vi@ VIT  Sp, x 0sp(2p|2q)

Reciprocity pair on P(V):

(G, ¢)
U N
(H, b

H x g super MF < VA: ResS(Vy) mf.

Homg/( Vi, Resg,/ ( V,u/)) = HOIl’lH( V;m Reslg( V)\))
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Super multiplicity-free spaces

A € Par(1]1): A = (k,1') hook partition:
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Super multiplicity-free spaces

A € Par(1]1): A = (k,1') hook partition:

Op x gl(1]1) and Sp, x gl(1|1) super MF.

T. Pecher Multiplicity-free actions induced by Dual Pairs



Super multiplicity-free spaces

A € Par(1]1): A = (k,1') hook partition:
Op x gl(1]1) and Sp, x gl(1|1) super MF.

Via reciprocity, Resgf(i(fqr)’lzq)(V)\), Resgfi’:,(fql))pq)(vﬂ

T. Pecher Multiplicity-free actions induced by Dual Pairs



