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Lie rings

A Lie ring L is a Z-module equipped with a multiplication
[,]:LxL—1L
(x,y) — [x,y]
such that, for all x,y,z in L
m [x,x] =0;
u [X,}/] + [an] =0
m [x,[y,Z]] + [y, [z x]] + [z, [x,y]] =0, (Jacobi identity).
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Free magma

Let X be a finite set of symbols. The free magma on X is the set
M(X) defined as:

m X C M(X);
m if m,n € M(X), then also the pair (m, n) € M(X).
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Free magma

Let X be a finite set of symbols. The free magma on X is the set
M(X) defined as:

m X C M(X);
m if m,n € M(X), then also the pair (m, n) € M(X).

We define a binary operation - by m- n = (m, n) for all
m, n € M(X).
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Free magma

Let X be a finite set of symbols. The free magma on X is the set
M(X) defined as:

m X C M(X);
m if m,n € M(X), then also the pair (m, n) € M(X).

We define a binary operation - by m- n = (m, n) for all

m, n € M(X).
For m € M(X) we define its degree recursively:
m deg(m)=1if me X;

)
m deg(m) = deg(m’) + deg(m”) it m = (m', m").
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Free magma

Let X be a finite set of symbols. The free magma on X is the set
M(X) defined as:

m X C M(X);
m if m,n € M(X), then also the pair (m, n) € M(X).

We define a binary operation - by m- n = (m, n) for all

m, n € M(X).
For m € M(X) we define its degree recursively:
m deg(m)=1if me X;

)
m deg(m) = deg(m’) + deg(m”) if m= (m’, m").
We use a total and multiplicative order < on M(X).
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Free non-associative rings

Let Az(X) the Z-span of M(X).

We extend the binary operation - on M(X) bilinearly to Az(X),
then Az(X) becomes a non-associative ring called the free
non-associative ring over Z on X.
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Free non-associative rings

Let Az(X) the Z-span of M(X).

We extend the binary operation - on M(X) bilinearly to Az(X),
then Az(X) becomes a non-associative ring called the free
non-associative ring over Z on X.

The elements of M(X) that occur in a f € Az(X) are called
monomials of f. The leading monomial of f is denoted by
LM(f) and its coefficient by LC(f). The degree of f will be the
degree of LM(f).
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Free Lie rings

Let Iy be the ideal of Az(X) generated by all (m, m),

(m, n) + (n.m) and (m, (n, p)) + (n, (p, m)) + (p, (m, n), for
m,n,p € M(X). Let L(X) = Az(X)/l.

Then L(X) is a Lie ring called the free Lie ring on X.

Serena Cicald University of Trento



Finitely presented Lie rings
The algorithm
n-Engel Lie rings

Finitely presented Lie rings

Let L a Lie rings given by a finite set X of generators that are
subject to a set of relations R.
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Finitely presented Lie rings

Let L a Lie rings given by a finite set X of generators that are
subject to a set of relations R.

The Lie ring defined by this data is the quotient of the free Lie ring
on X by the ideal generated by R.
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Finitely presented Lie rings

Let L a Lie rings given by a finite set X of generators that are
subject to a set of relations R.

The Lie ring defined by this data is the quotient of the free Lie ring
on X by the ideal generated by R.

We say that a Lie ring defined in this way is given by a finite
presentation and the Lie ring is said to be finitely presented.
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Multiplication table

Let L generated as an abelian group by the basis B = {x1,...,x,}.

For all x;, x; € B, there are n3 structure constants c,-jf € 7Z, such
that

n
[xi, %] = Zc,-ka.
k=1
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Multiplication table

Let L generated as an abelian group by the basis B = {x1,...,x,}.

For all x;, x; € B, there are n3 structure constants c,-jf € 7Z, such
that

[xi, %] = Zc,-ka.
k=1
Also, L, as an abelian group, is isomorphic to
Z/jmZ®...0Z/nZ DL """,

where ny, ..., n, are invariant factors such that n; divides nj 1.
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Multiplication table

Let L generated as an abelian group by the basis B = {x1,...,x,}.

For all x;, x; € B, there are n3 structure constants c,-jf € 7Z, such
that

[xi, %] = Zc,-ka.
k=1
Also, L, as an abelian group, is isomorphic to
Z/jmZ®...0Z/nZ DL """,

where ny, ..., n, are invariant factors such that n; divides nj 1.

We call the set of structure constants cg- together with the set of
invariant factors ns, ..., n,, a multiplication table of L.
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Remark

The representation by a multiplication table is a good way of
presenting a Lie ring.

However, sometimes the natural way to define a Lie ring is by a
finite presentation.
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Remark

The representation by a multiplication table is a good way of
presenting a Lie ring.

However, sometimes the natural way to define a Lie ring is by a
finite presentation.

The best we can hope is to have an algorithm that constructs a
multiplication table for a finitely presented Lie ring L whenever L
happens to be finite-dimensional, that is finitely generated as an
abelian group.
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Product prescriptions

Let o = (my,..., my) be a sequence of elements of M(X) and let
d = (di,...,dx) be a sequence of letters d; € {/,r}. We call the
pair « = (0, 9) a product prescription.
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Product prescriptions

Let o = (my,..., my) be a sequence of elements of M(X) and let
d = (di,...,dx) be a sequence of letters d; € {/,r}. We call the
pair « = (0, 9) a product prescription.

Corresponding to « there is a map P, : M(X) — M(X) defined as:
m If k =0 then P,(m) = m for all m.
miIf k>0weset 0= ((mz,...,mk),(dg,...,dk)) and

_f Ps((m1,m)), ifdi =1
Pa(m) = { Ps((m, my)), if dy=r.
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Product prescriptions

Let o = (my,..., my) be a sequence of elements of M(X) and let
d = (di,...,dx) be a sequence of letters d; € {/,r}. We call the
pair « = (0, 9) a product prescription.

Corresponding to « there is a map P, : M(X) — M(X) defined as:

m If k =0 then P,(m) = m for all m.
[ ] Ifk>0wesetﬁ:((mg,...,mk),(dg,...,dk)) and

_ Pﬁ((mlym))a if dl = /;
Pa(m) = { Ps((m, my)), if dy=r.

An m € M(X) is said to be a factor of n € M(X) if there is a
product prescription « such that P,(m) = n.
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Grobner bases in Az(X)

Let G C Az(X) be a finite set and let f € Az(X).
Let g1,...,8s € G be all elements of G such that LM(g;) is a
factor of LM(f).
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Grobner bases in Az(X)

Let G C Az(X) be a finite set and let f € Az(X).

Let g1,...,8s € G be all elements of G such that LM(g;) is a
factor of LM(f).

Suppose that LC(f) is divisible by d = gcd(cy, ..., ¢s), where
¢i = LC(g;). Let ¢ > 0 be such that ejc; + ... + escs = d.
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Grobner bases in Az(X)

Let G C Az(X) be a finite set and let f € Az(X).

Let g1,...,8s € G be all elements of G such that LM(g;) is a
factor of LM(f).

Suppose that LC(f) is divisible by d = gcd(cy, ..., ¢s), where
¢i = LC(g;). Let ¢ > 0 be such that ejc; + ... + escs = d.
Let ¢ be such that LC(f) = cd.
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Grobner bases in Az(X)

Let G C Az(X) be a finite set and let f € Az(X).

Let g1,...,8s € G be all elements of G such that LM(g;) is a
factor of LM(f).

Suppose that LC(f) is divisible by d = gcd(cy, ..., ¢s), where

¢i = LC(g;). Let ¢ > 0 be such that ejc; + ... + escs = d.

Let ¢ be such that LC(f) = cd.

Let a; be a product prescription such that P,,(LM(g;j)) = LM(f).
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Grobner bases in Az(X)

Let G C Az(X) be a finite set and let f € Az(X).

Let g1,...,8s € G be all elements of G such that LM(g;) is a
factor of LM(f).

Suppose that LC(f) is divisible by d = gcd(cy, ..., ¢s), where

¢i = LC(g;). Let ¢ > 0 be such that ejc; + ... + escs = d.

Let ¢ be such that LC(f) = cd.

Let a; be a product prescription such that P,,(LM(g;j)) = LM(f).

We say that f reduces modulo G to f’ where

fl = F = c(erPay(81) + - - + €Pas(g5))-
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Grobner bases in Az(X)

Let G C Az(X) be a finite set and let f € Az(X).

Let g1,...,8s € G be all elements of G such that LM(g;) is a
factor of LM(f).

Suppose that LC(f) is divisible by d = gcd(cy, ..., ¢s), where

¢i = LC(g;). Let ¢ > 0 be such that ejc; + ... + escs = d.

Let ¢ be such that LC(f) = cd.

Let a; be a product prescription such that P,,(LM(g;j)) = LM(f).

We say that f reduces modulo G to f’ where

fl = F = c(erPay(81) + - - + €Pas(g5))-

Let J C Az(X) be an ideal. We call a G C J a Grébner basis of J
if every f € J reduces to zero modulo G.
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The algorithm FpLieRing

Let L be a Lie ring given by a finite set of generators that satisfy
a set R of relations. We assume that L is finite-dimensional.
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The algorithm FpLieRing

Let L be a Lie ring given by a finite set of generators that satisfy
a set R of relations. We assume that L is finite-dimensional.

Let X be a set of symbols, in bijection with the generators of L.
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The algorithm FpLieRing

Let L be a Lie ring given by a finite set of generators that satisfy
a set R of relations. We assume that L is finite-dimensional.

Let X be a set of symbols, in bijection with the generators of L.
Let J be the ideal of Az(X) generated by

m (m,m) for me M(X),
m (m,n) + (n,m) for m,n € M(X),
m Jac(m, n, p) for m,n,p € M(X), where
Jac(m, n, p) = (m, (n, p)) + (n, (p, m)) + (p, (m, n)),

m the elements of R.
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The algorithm FpLieRing

Let L be a Lie ring given by a finite set of generators that satisfy
a set R of relations. We assume that L is finite-dimensional.

Let X be a set of symbols, in bijection with the generators of L.
Let J be the ideal of Az(X) generated by

m (m,m) for me M(X),
m (m,n) + (n,m) for m,n € M(X),
m Jac(m, n, p) for m,n,p € M(X), where

Jac(m, n,p) = (m,(n, p)) + (n, (p, m)) + (p, (m, n)),

m the elements of R.
Then L= Az(X)/J.
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The algorithm FpLieRing

The idea of the algorithm FpLieRing is to treat the monic and
non-monic elements of G differentely:
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The algorithm FpLieRing

The idea of the algorithm FpLieRing is to treat the monic and
non-monic elements of G differentely:

m the set of monic elements G™°" will be self-reduced then it
is a Grobner basis;
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The algorithm FpLieRing

The idea of the algorithm FpLieRing is to treat the monic and
non-monic elements of G differentely:

m the set of monic elements G™°" will be self-reduced then it
is a Grobner basis;

m the set of non-monic elements B is closed under
multiplication (that means if b € B and x is a generator then
(x, b) lies in the span of B).
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Let X = {x,y}, with x <y, and R = {h1, ho, h3}, where

hy = [Xa [XvY]]+[X7y]’
hy = 3[y,[y,[X,y]]]+6[y,[x7y]]+2y,
hs = [yv [yv [y)[va]]]]—i_z[y? [yv [X’y]]]

Serena Cicald University of Trento
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Example

Let X = {x,y}, with x <y, and R = {h1, ho, h3}, where

hy = [Xa [XvY]]+[X7y]’
hy = 3[y,[y,[X,y]]]+6[y,[x7y]]+2y,
hs = [yv [yv [y)[va]]]]—i_z[y? [yv [X’y]]]

Using the algorithm FpLieRing, we can calculate a Grobner
basis G of the ideal J of Az(X), generated by (m, m),

(m, n)+ (n, m), Jac(m, n, p), for m,n,p € M(X), and the
elements of R.
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Example

Let X = {x,y}, with x <y, and R = {h1, ho, h3}, where

hy = [Xa [XvY]]+[X7y]’
hy = 3[y,[y,[X,y]]]+6[y,[x7y]]+2y,
hs = [yv [yv [y’[va]]]]+2[y7 [yv [X)y]]]

Using the algorithm FpLieRing, we can calculate a Grobner
basis G of the ideal J of Az(X), generated by (m, m),

(m, n)+ (n, m), Jac(m, n, p), for m,n,p € M(X), and the
elements of R.

Also we want to determine the set 5 of normal monomials
modulo G.
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Example

m The only relation of degree < 3 is, by h;,

g1 = (x,(x,¥) + (x,¥),

then we have

G3 = {gl}, B3 = @ and M§3 = {X7y> (me)?()/a (Xa)/))}'
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Example

In degree 4, by hy, we take
82 = 3(y, (v, (x,¥))) +6(y, (x,y)) + 2.
Also we have

Jac(x, ¥, (x,¥)) = (x, (v, (5, ¥))) = (v, (%, (%, %)),

and because we can reduce that modulo g7, we obtain the
new relation

g3 = (x, (v, (x,¥)) + (v, (x,¥))-
Then

Gy = {gl,gz,g3}, By = {g2} and My = {(ya (yv (X7Y)))}'
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Example

m In degree 5, by h3, we put

&4 = (yv (ya(y7(x7y))))+2()/7 (y> (Xay)))'
Also, Jac(x,y, (v, (x,y))) reduce to

85 = ((va)7()/7 (X,y)))—(X,(y, (y7 (va))))_(yv ()/7 (va)))
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Example

m In degree 5, by h3, we put

g = (v, (v, (v, 6 ¥)))) + 20y (v (x, ¥)))-
Also, Jac(x,y, (v, (x,y))) reduce to

85 = ((X7y)?(y7 (X,y)))—(X,(y, (y7 (va))))_(yv ()/7 (va)))

Now we must to consider (x, g2) and (y, g2).
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Example

m In degree 5, by h3, we put

g = (v, (v, (v, 6 ¥)))) + 20y (v (x, ¥)))-
Also, Jac(x,y, (v, (x,y))) reduce to

85 = ((X7y)?(y7 (X,y)))—(X,(y, (y7 (va))))_(yv ()/7 (va)))

Now we must to consider (x, g2) and (y, g2).
The first implies the new relation

86 = 3(X7 (yv ()/7(X7)/)))) - 6(y,(X,y)) +2(X7y)7

while the second reduce to zero modulo gs.
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Example

m In degree 5, by h3, we put

g = (v, (v, (v, 6 ¥)))) + 20y (v (x, ¥)))-
Also, Jac(x,y, (v, (x,y))) reduce to

85 = ((X7y)7(y7 (X,y)))—(X,(y, (y7 (va))))_(yv ()/7 (va)))

Now we must to consider (x, g2) and (y, g2).
The first implies the new relation

86 = 3(X7 (yv (yv(va)))) - 6(y’(X7y)) +2(X7y)7

while the second reduce to zero modulo g4. Then

Gs = {g1,---,86}, Bs = {g2,86} and M5 = {(x, (v, (v, (x,¥))))}-
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Example
If we proceed in this way we obtain that

G={f,h,fh ff 7} and B={f,h, f},

where
fi = 8y,
b = 4(x,y)+4y,
f?: = (X>(X>Y))+(X7y)a
i = 4y, (x,y))
fs = (x(v,(x, %)+, (x,5)),

(x
fo = (v:(y,(x,¥))) +2(y, (x,¥)) + 6y,
= ((xx), (¥, (x,¥))) + 6(x,y) + by.
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Example

The set of normal monomials modulo G is then
B = {e1, e, €3, €4} with relations

4e) = 0,
4ey +4e3 =0,
86‘3 = 0,

where we put

61:(y,(X,y)), 62:(X,y), €& =Yy, €=X
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Example

The set of normal monomials modulo G is then
B = {e1, e, €3, €4} with relations

4e) = 0,
4ey +4e3 =0,
863 = 0,

where we put

61:(y,(X,y)), 62:(X,y), €& =Yy, €=X

We want to calculate a multiplication table of the Lie ring L.
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Example

The set B forms also a basis of the non-associative ring
A = Az(X)/J, where J is the ideal of Az(X) generated by G™".

We can prove that {ej, e, + €3, €3, €4} is a basis of A such that

4e;1 =0, 4(ex+e3)=0, 8e3=0.

Serena Cicald University of Trento



Finitely presented Lie rings
The algorithm
n-Engel Lie rings

Example

The set B forms also a basis of the non-associative ring
A = Az(X)/J, where J is the ideal of Az(X) generated by G™".

We can prove that {ej, e, + €3, €3, €4} is a basis of A such that

4e;1 =0, 4(ex+e3)=0, 8e3=0.

There is a homomorphism o of A onto Z/AZ &S Z/AL S L)L & L
taking aye; + an(er + €3) + azes + aues, where ag, ..., a4 € Z, to

(a1 mod 4, a; mod 4, a3 mod 8, aa).
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Example
Let now vi,..., v4 such that
i = o(e),
v = o(e+e3),
vi = o(e3),
va = o(eq).

Then {vi, vo,v3, va} is a basis of L with 4v; =0, 4v» =0 and
8vz = 0.
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Example
Let now vi,..., v4 such that
vi = o(e),
v = o(e+e3),
vi = o(e3),
va = o(eq).

Then {vi, vo,v3, va} is a basis of L with 4v; =0, 4v» =0 and
8vz = 0.

We can calculate all products [v;,v;], forall i,j =1,...,4, i <],
by means of

[vi: vil = o(07H(vi) - a7} ().
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Example

The multiplication table of L is

[vi, vo]
[Vlv V3]
[Vlv V4]
[va, v3]
[v2, va]
[vs, va]
4vq
4vy
8vs

2Vl + 2V2 + 6V37
2vy + 6vs,
Vi,

3V17
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Remarks

m FpLieRing will terminate whenever the input defines a
finite-dimensional Lie ring. Otherwise it will run forever.

m FpLieRing is similar to known algorithms where Grobner
bases are used to construct finitely presented Lie algebras. In
our we extend these methods to deal with finitely presented
Lie rings. The fact that we work over Z and not over a field
causes a lot of additional problems.
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Remarks

m FpLieRing will terminate whenever the input defines a
finite-dimensional Lie ring. Otherwise it will run forever.

m FpLieRing is similar to known algorithms where Grobner
bases are used to construct finitely presented Lie algebras. In
our we extend these methods to deal with finitely presented
Lie rings. The fact that we work over Z and not over a field
causes a lot of additional problems.

m It is also possible that a finitely presented Lie ring is defined
by an infinite set of relations. FpLieRing can deal with this
provided that we can only have a finite number of relations of
a given degree.
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The algorithm LieNQ

In a paper of 1997, C. Schneider described an algorithm, called
LieNQ, to compute so-called nilpotent quotients of finitely
presented Lie rings.
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The algorithm LieNQ

In a paper of 1997, C. Schneider described an algorithm, called
LieNQ, to compute so-called nilpotent quotients of finitely
presented Lie rings.

When the input relations are homogeneous (i.e., each relation has
monomials of the same degree), then it is possible to reformulate
the algorithm FpLieRing in such a way that it becomes very
similar to Schneider’s algorithm. So for this case the two
approaches yield similar algorithms.
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The algorithm LieNQ

In a paper of 1997, C. Schneider described an algorithm, called
LieNQ, to compute so-called nilpotent quotients of finitely
presented Lie rings.

When the input relations are homogeneous (i.e., each relation has
monomials of the same degree), then it is possible to reformulate
the algorithm FpLieRing in such a way that it becomes very
similar to Schneider’s algorithm. So for this case the two
approaches yield similar algorithms.

However, the approach via Grobner bases leads to a more general
algorithm, that will work whenever the finitely presented Lie ring is
finite-dimensional.
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Preliminars

We have applied the algorithm FpLieRing to construct the
biggest Lie ring that is

m generated by t elements;

m satisfies the n-Engel condition

for various t and n.
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The n-Engel condition

A Lie ring L satisfies the n-Engel condition if

[, [x,[---,[x,¥]...]]] =0
———

n

for all x,y in L.
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The n-Engel condition

A Lie ring L satisfies the n-Engel condition if

[, [x,[---,[x,¥]...]]] =0
———

n

for all x,y in L.

We will use the right normed convention for iterated
commutators.
For example, [xxxxy] will be the element [x[x[x[xy]]]] of L.
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Lower central series

The lower central series of L is defined as:
m =1
m L =L, L], for r > 1;

where [L, L"] is the subring of L generated (as an abelian group) by
all [x,y] forx € Land y € L".

L is nilpotent if L5t1 = 0 for some s, and the smallest such s is
called the nilpotency class.
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In 1989 Zelmanov shows that: a finitely-generated Lie ring that
satisfies an n-Engel condition is nilpotent.
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E(t, n)

In 1989 Zelmanov shows that: a finitely-generated Lie ring that
satisfies an n-Engel condition is nilpotent.

Let E(t, n) be the biggest Lie ring with t generators which satisfies
the n-Engel condition.
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E(t, n)

In 1989 Zelmanov shows that: a finitely-generated Lie ring that
satisfies an n-Engel condition is nilpotent.

Let E(t, n) be the biggest Lie ring with t generators which satisfies
the n-Engel condition.

What is the structure of E(t,n)?
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E(t, n)

In 1989 Zelmanov shows that: a finitely-generated Lie ring that
satisfies an n-Engel condition is nilpotent.

Let E(t, n) be the biggest Lie ring with t generators which satisfies
the n-Engel condition.

What is the structure of E(t,n)?

Higgins and Traustason have studied the structure of E(t, n) over
fields.
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Results over fields

Let L be an algebra over a field k.
In 1953 Higgins shows that:

m 2-Engel condition implies [* = 0;

m 3-Engel condition implies
L"=0  ifchar k #2,5.

In 1993 Traustason shows that:
m 3-Engel condition implies

[>=0 if char k # 2,5;
m 4-Engel condition implies
L°=0, ¢c<9 if char k #2,3,5.
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Main problem

We have studied the structure of E(t,n) over Z rather than over a
field. For this, we have applied our algorithm for various t and n.
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Main problem

We have studied the structure of E(t,n) over Z rather than over a
field. For this, we have applied our algorithm for various t and n.

One problem when dealing with the n-Engel condition is:
The condition [x...xy] = 0 is not multilinear.

In fact, it is only linear in y.

Serena Cicald University of Trento



Finitely presented Lie rings
The algorithm
n-Engel Lie rings

Main problem

We have studied the structure of E(t,n) over Z rather than over a
field. For this, we have applied our algorithm for various t and n.

One problem when dealing with the n-Engel condition is:
The condition [x...xy] = 0 is not multilinear.

In fact, it is only linear in y.

In order to establish whether a Lie ring L is n-Engel it is not
sufficient to check this condition for the elements of a basis.
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Main problem

We have studied the structure of E(t,n) over Z rather than over a
field. For this, we have applied our algorithm for various t and n.

One problem when dealing with the n-Engel condition is:
The condition [x...xy] = 0 is not multilinear.

In fact, it is only linear in y.

In order to establish whether a Lie ring L is n-Engel it is not
sufficient to check this condition for the elements of a basis.

Let L be generated as an abelian group by B = {xy,...,xn}.

We have determined several sets of conditions on the elements of
B only, that are necessary and sufficient for L to satisfy the
n-Engel condition.
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2-Engel Lie rings

Let L be generated as an abelian group by B = {xy,...,xn}.
The 2-Engel condition is [xxy] = 0 for all x,y € L.

Then [xix;y] = 0 for all x; € B and y € L.

Let x = x; + pjx; with p; = £1. We have

0 = [(xi +pix;) (i + pix;)y] = [xixiy]+ pi([xixiy] + [gxiy]) + [xix;y]
then

[xixjy] + [xixiy] =0 Vxi,x; € B, i <j, ye€lL

Let x = p;, x;, + ...+ p;.X;,, xj, € B and p;, = £1. We have

0= Doyl =Y plxixiy]+ > pi i (x5, %:¥] + 15X, ¥1)-
r r#t
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A Lie ring L is 2-Engel if and only if
m [xixiy] = 0;
= [xixjy] + [xixiy] = 0;

forall y € L, xj,x; € B and i <.
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2-Engel Lie rings

A Lie ring L is 2-Engel if and only if
m [xix;y] = 0;
= [xixjy] + [xixiy] = 0;

forall y € L, xj,x; € B and i <.

We have showed that E(t,2) has dimension:

dim(E(t,2)) = t+ G) + <§>

and nilpotency class 3, for t > 2.
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3-Engel Lie rings

The 3-Engel condition is [xxxy] = 0 for all x,y € L. Then
[xixixiy] = 0 for all x; € B and y € L.
If x = x; + pjx; with p; = £1
0 = [xixixy] + [xixixiy] + [xxixiy] = ([xixixiy] + [xixixiy] + [xxixiy]).
[(5)"y] = baxipgy] + byl + Dyxixiy]
[(X;Xj(z) )yl = [ixxiy] + [xixiy] + [gxixiy]
[(2)"y] £ [(xix?)"y] = 0
Vxi,x; €B,1<j,y€lL.
If x = Xx; + pjxj + pkxk with pj, px = +1

[(XinXk)*y] =0 VX,‘,XJ‘,Xk € %a ’SJ < k7 yE L.
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A Lie ring L is 3-Engel if and only if
(xyy] =0

()] + [(xix? )yl = 0
m () y] — [ixP)ry] = 0
=

forall y € L, xj, xj,x, € B and i < j < k.
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A Lie ring L is 3-Engel if and only if
= [(P)y] =0
2 * 2)\x
= [(®) ] + [axP) 7y =0
= [(xixxk)"y] =0
= 2[(xx?))y] = 0
forally € L, xj,xj,x, € B and i < j < k.
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3-Engel Lie rings

A Lie ring L is 3-Engel if and only if

= [(P)y] =0

2 * 2)\x

= [(g)y] + [ix )] = 0

= [(xixxk)"y] =0

= 2[(ax?)'y] =0
forally € L, xj,xj,x, € B and i < j < k.
If in the third relation

[xixixiey |+ [xixix; y 14 [Xpxixiy ]+ g xaoqy ] [xiexixiy |+ [xaxgxiy] = 0
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3-Engel Lie rings

A Lie ring L is 3-Engel if and only if

= [(xV)yy] =0

2) s 2)\+

= [(Px) ]+ [0y =0

= [(xixxk)"y] =0

= 2[(ax?)'y] =0
forally € L, xj,xj,x, € B and i < j < k.
If in the third relation
[xixixiy |+ [xixixiy ]+ [xpxixey |+ [xixexiy] =+ [xxixiy )+ [xexixiy] = 0

we put i < j = k we obtain
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3-Engel Lie rings
A Lie ring L is 3-Engel if and only if
= [(xV)yy] =0
= [(®) ] + [axP) 7y =0
= [(xixxk)"y] =0
= 2[(ax?)'y] =0

forally € L, xj,xj,x, € B and i < j < k.
If in the third relation

[xixixiey |+ [xixix; y 14 [Xpxixiy ]+ g xaoqy ] [xiexixiy |+ [xaxgxiy] = 0
we put i < j = k we obtain

[xixixjy] 4 [xixixjy] + [xpxix;y] + [xpxixiy] + [xpxixy] + [xpxxiy] = 0
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A Lie ring L is 3-Engel if and only if
3)\*
= [(x )> y=0
m [(x7x5)*y] + [(xix )yl = 0
m [(xixjxi)*y] = 0
forall y € L, xj, xj,xx € B and i < j < k.
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4-Engel Lie rings

A Lie rlng L is 4-Engel if and only if

= (¥l =0,
m () v+ 152y y] + (o )yl = 0;

o 1) - [P >> 9+ [yl = o

= [(X:(z)XJX )yl + [(X/Xj Xk) y] + [(X,XJ (2) )*y] =0;

= (051 = [0 5]+ [y ] =0

= [(Pxx)y] + [(x,x(z)Xk)*y] ~[(x xjxk yl=o0,
= [(¢Px5x0)*y] — [00xPx0)v] — [GagD)y] = 0;
m [(xixxiex)*y] = 0;

forally € L, x;, xj, xik,xr € Band i <j< k<.
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4-Engel Lie rings

A Lie ring L is 4-Engel if and only if

(1) (vl =0,

2) 1)y + 1P%P)y] + [xix D)yl = 0;

(3) [(xPxix0) "y + [0ix ) v] + [(xaxix)y] = 0,
(4) [(mxm) y]=0;

(5) 2[(xPxP)y] =0,

(6) 2[(xix° >xk) y]=0;

( ) 2[(X,X_,Xk )Y] =0

forally € L, xj, xj, x),x, € Band i < j < k<r.
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4-Engel Lie rings

A Lie ring L is 4-Engel if and only if

(1) 1)yl =0;

2) [(Px) ]+ [(PxP)ry] + [axD)? y] -0,

E3; {Ex,(z)x,-xkg*y% + [(x,xﬂ)Xk) v+ [(x,x, @y =0
4) [(xix;xpe X, =0;

(5) 2[(x,<2)kx )yy] =0,

(6) 2[(xix xk> =0,

(7) 2[(axxP)*y] = 0;

forally € L, xj, xj, xiki,xr € Band i <j< k<r.

(4) with i < j =k < r implies (6).
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4-Engel Lie rings

A Lie ring L is 4-Engel if and only if

(1) 1)yl =0;

2) [(Px) ]+ [(PxP)ry] + [axD)? y] -0,

E3; {Ex,(z)x,-xkg*y% + [(x,xﬂ)Xk) v+ [(x,x, @y =0
4) [(xix;xpe X, =0;

(5) 2[(x,<2)kx )yy] =0,

(6) 2[(xix xk> =0,

(7) 2[(axxP)*y] = 0;

forally € L, xj, xj, xiki,xr € Band i <j< k<r.

(4) with 1 <j < k = r implies (7).
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4-Engel Lie rings

A Lie ring L is 4-Engel if and only if

(1) (M) vl =0;

(2) [Px)y] + (%) y] + [ ‘3’>*y]=o;
(3) [ Pxa) ] + [0 i)yl + [(xix2) ] = 0;
(4) [(mxm) =0,

(5) 2[(xPxyy] = 0;

(6) 2[(xix? >xk> ] =0;

(7) 2[(xixx2) vl =

forally e L, x,,xJ,xk,X,E%and i<j<k<r.
(3) with i < j = k is 2[(x!7x?)*y] + 6[(xxV)*y] = 0
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4-Engel Lie rings

A Lie ring L is 4-Engel if and only if

(1) (M) vl =0;

(2) [Px)y] + (%) y] + [ <3’>*y]=o;
(3) [ Pxa) ] + [0 i)yl + [(xix2) ] = 0;
(4) [(mxm) =0,

(5) 2[(xPxyy] = 0;

(6) 2[(xix? >xk> ] =0;

(7) 2[(xixx2) vl =

forally e L, x,,xJ,xk,x,E%andi<j<k<r.
(3) with i < j = k is 2[(x\?x?) ) y]+6[(x, D)yl =0
(4)With1§j:k:ris6[(x,j )y]:O.
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4-Engel Lie rings

A Lie ring L is 4-Engel if and only if

(1) (vl =0,

2) 1)y + 1P%P)y] + [xix D)yl = 0;
(3) [(xPxix0) "y + [0ix ) v] + [(xaxix)y] = 0,
(M[&&w&)ﬂ—o

(5) 2[(xPxP)y] =0,

@)ﬂ&w”&)ﬂ—o

( ) 2[(X,X_,Xk )Y] =0

forall y € L, xj, xj, xic,x, € B and i < j < k < r.
(awmwSJ:kszuu’@>n+qu, )yl =0
(4) with 1§j:k:ris6[(x, X; )y]:O.
Subtracting we obtain (5).
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4-Engel Lie rings

A Lie ring L is 4-Engel if and only if
MYyl = 0;

(&x)n+u“ DYyl + [(ix D)yl = 0;
(

(x

.

Xt xmﬂ+wwan+Ww$Wﬂ=&
xixixexr)*y] = 0;

forall y € L, xij, xj, i, xr € B and i < j < k <r.

[
m |
m |
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n-Engel Lie rings

A Lie ring L is n-Engel if and only if
k ks *
oIy =0

ki,...,ks>1
ki+...+ks=n

forallyel,1<s<n1<jg<...<js<m.

Serena Cicald University of Trento



Finitely presented Lie rings
The algorithm
n-Engel Lie rings

Example

A Lie ring L is 4-Engel if and only if

m [() ]+ [Py + (i) vl = 0;

)

m [0 y] 4 [P x) v+ (i) vl = 0,

|
X
R

x
ES
X
~—
=

Il

E =
o N

—= = =
<X X
> x &
&Lx

SN— N

* ~

= F

o |

o

|
D
x
X
X
~
*
=
Il
1Sy

2[(xix;x ) *y] = 0;

forall y € L, xj, xj, i, xr € B and i <j < k<r.

Serena Cicald University of Trento



We have implemented the algorithms in the computer algebra
systems GAP4 and Magma.
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Implementation

We have implemented the algorithms in the computer algebra
systems GAP4 and Magma.

Using this implementation we have obtained the lower central
series of 3-Engel Lie rings with 2, 3 and 4 generators, 4-Engel Lie
rings with 2 generators and 5-Engel Lie rings with 2 generators.
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Lower central series dimensions

3-Engel | 2 gens | 3 gens | 4 gens

L 8 60 541
L2 6 57 537
L3 5 54 531
L* 3 46 511
L5 2 36 472
L° - 18 388
L - 9 293
L8 - 3 173
L° - - 62
L10 - - 18
Lt - - 4

Table: Lower central series dimensions
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Lower central series dimensions

4-Engel | 2 gens 5-Engel | 2 gens

Lt 34 [t 72
L2 32 L2 70
L3 31 L3 69
L* 29 L4 67
L5 26 L5 64
L° 24 L° 58
L’ 20 L’ 52
L8 16 L8 40
L° 12 L° 32
L0 6 L 24
L1 3 L1 12
L12 1 L12 6

L3 2

Table: Lower central series dimensions
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Thank you!
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