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n-Engel groups

A group G is an n-Engel group if

[x,y,y,...,y] =1forall x,y € G.
—

n
The big question is:  Are n-Engel groups locally nilpotent?
Yes, for n =1,2,3,4.

7777 for n > 4.
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n-Engel groups for small n

@ 1-Engel groups are abelian

@ 2-Engel groups are nilpotent of class at most 3, and the normal
closure of an element in a 2-Engel group is abelian

o [x,y,y] =1, so y commutes with [x,y] = x"1y~lxy. Hence y
commutes with y*. So any two conjugates of y commute
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n-Engel groups for small n

@ 1-Engel groups are abelian

@ 2-Engel groups are nilpotent of class at most 3, and the normal
closure of an element in a 2-Engel group is abelian

o [x,y,y] =1, so y commutes with [x,y] = x"1y~lxy. Hence y
commutes with y*. So any two conjugates of y commute

@ 3-Engel groups need not be nilpotent, but the normal closure of an
element is nilpotent of class at most 2

@ In 4-Engel groups the normal closure of an element is nilpotent of
class at most 4

@ But in 5-Engel groups the normal closure of an element need not be
nilpotent
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A construction

Let B be the free group on by, by, ... in the variety of groups which are

nilpotent of class 2 and have exponent 3.
So B’ is an elementary abelian 3-group, with basis {[b;, bj] | i < j}.

Let A be the cyclic group of order 3, generated by a, and let G = Awr B.

Engel groups
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A construction

Let B be the free group on by, by, ... in the variety of groups which are
nilpotent of class 2 and have exponent 3.
So B’ is an elementary abelian 3-group, with basis {[b;, bj] | i < j}.

Let A be the cyclic group of order 3, generated by a, and let G = Awr B.
Let N be the normal closure of A in G.
Then N is an elementary abelian 3-group with basis {a”| b € B}, and

[a, [b1, ba], [b1, b3, ..., [b1, b]] # 1

for any k. So the normal closure of by in G is not nilpotent.
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G is 5-Engel

Let w,x,y,z € G. Then [w, x,y] and z3 € N, and so

1 = [w,xy],7’]
= [w,x,y, z]*w,x,y,z 2]} [w,x,y, 2, 2, 2]

= [w,x,y,2 2 2]
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Associated Lie rings

If G is a group we define the associated Lie ring of G as follows. We form
the lower central series

G =71(G) = 712(G) 2 7135(G) = ...,

where ;. 1(G) is the subgroup of G generated by
{lg.hl g €7;(G), he G}
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Associated Lie rings

If G is a group we define the associated Lie ring of G as follows. We form
the lower central series

G =71(G) = 712(G) 2 7135(G) = ...,

where ;. 1(G) is the subgroup of G generated by
{lg.hl g €7;(G), he G}

Fori=1,2,...welet L =;(G)/v;41(G). Then L; is an abelian group,
and we think of it as a Z-module and write

L=Li LDz D...,

a direct sum of Z-modules.
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Associated Lie rings

If a=gv,41(G) € Li and b= hy;,1(G) € L; then we set

[a,b] = [g, h]Vi1j4+1(G) € Liy;

We extend this Lie product to the whole of L by linearity
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Associated Lie rings

Is the associated Lie ring of an n-Engel group necessarily an n-Engel Lie
ring?
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Associated Lie rings

If L is the associated Lie ring of an n-Engel group then

o lfacLjand b€ Lj then [a, b b,...,b]=0
—_————

o If a, by, bo, ..., b, € L then

Z [alb101b20’,...,bm7] =0
o€Sym(n)
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Associated Lie rings

So Zel'manov's Theorem implies that if G is an n-Engel group, and if L is
the associated Lie ring of G, then L and G/ Nj>1 7;(G) are locally
nilpotent.

The first relation above follows directly from the definition of L

To see the second relation, we substitute y;ys ...y, for y in the group
relation [x,y,y,...,y] = 1. Expanding, we have
—_—

n

H I:Xrylﬂ’v_y20’1"‘v_yn0'] e’Yn+2(G)
o€Sym(n)

The second relation follows immediately
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Another useful relation

Substitute x3xo for x in the group relation, and we have

1 = [xx vy ...y
=[x yllxy. xelba vl y ..y
= D,y vy ylkayoey . yle vyl

modulo v, 3(G)

So
[X11y1X21y1"'vy] € ,}/n+3(G)
This implies that L satisfies

Z [av blU’v c, b20' ..... bno-] =0

c€Sym(n)
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Even more relations

If we substitute xyx2 ...x, for x in the group relation, and substitute
yiya...ys for y (with s > n), then we obtain a multilinear Lie relation of
weight r 4 s.

So when we move to Lie rings the n-Engel group identity gives Lie
relations which are both stronger and weaker than the n-Engel Lie identity.
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Locally nilpotent n-Engel groups

We use Lie methods to study finitely generated nilpotent n-Engel groups.

Since finitely generated nilpotent groups are residually finite p-groups, we
study them by studying finite n-Engel p-groups.

If G is a finite p-group with associated Lie ring L, then L has the same
order, class, and number of generators as G. Furthermore L/pL has the
same class of L and can be thought of as a Lie algebra over Z,,.
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Global nilpotence

In characteristic zero the Lie identity

Z [avblo’vaU,-..,bno-]zo

o€Sym(n)
implies global nilpotence. (Zel'manov again!)

So, for some c, in the free Lie algebra F over the rationals Q, with free
generators xi, X2, ..., Xc+1 we have

K
(X1, 2, Xeq1] = Y a ( Y. ai, bila,bizm---,bina]>
i=1

oeSym(n)

for some rationals &;, and some elements a;, b; € F
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Global nilpotence

If p does not divide the denominators of any of the «;, this implies that a
finite n-Engel p-group is nilpotent of class at most c.

So, if n > 2 there are integers P and ¢ depending on n, such that if G is a
finite n-Engel p-group for any p > P, then G is nilpotent of class at most
c.

For small n the numbers P and c are surprisingly small.

n| P |c
211 |3
3|5 |4
415 |7
5177|107
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Higman's solution of RBP for exponent 5

If G is a finite m-generator group of exponent 5 with associated Lie ring L
then

L is m-generator
G| = |L]

G and L have the same nilpotency class

L satisfies the identical relations
bx =0

Z [Xv)/lav}/2m)/3ay}’4a]:0
ceSym(4)
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Higman's solution

To solve RBP for exponent 5 it is sufficient to show that Lie algebras over
Zs satisfying
Z [Xv}/ltry)/2c71)’3zry}/4cr] =0
c€Sym(4)

are locally nilpotent.  N.B. In characteristic 5 this identity is equivalent
to the 4-Engel identity.
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Higman's solution

To solve RBP for exponent 5 it is sufficient to show that Lie algebras over
Zs satisfying
Z [Xv}/1m)/2m)’3m}/4a] =0
c€Sym(4)

are locally nilpotent.  N.B. In characteristic 5 this identity is equivalent
to the 4-Engel identity.

Higman proved that if L is a 4-Engel Lie algebra over Zs, and if x € L,
then Id; (x) is nilpotent of bounded class
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Higman's solution

To solve RBP for exponent 5 it is sufficient to show that Lie algebras over
Zs satisfying

Z [Xv}/lm)/Zm)’3m}/4a]:0
o€Sym(4)

are locally nilpotent.  N.B. In characteristic 5 this identity is equivalent
to the 4-Engel identity.

Higman proved that if L is a 4-Engel Lie algebra over Zs, and if x € L,
then Id; (x) is nilpotent of bounded class

In fact the bound is 6
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Higman's reduction

Let F be the free 4-Engel Lie algebra over Zs with free generators
X,d1,d2,4a3,....

Let / be the ideal of F generated by {[a;, aj]|i,j > 1}.

Higman proved that Idg(x) is nilpotent if and only if F// is nilpotent, and
he proved that F// is nilpotent.
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Higman's reduction

Let F be the free 4-Engel Lie algebra over Zs with free generators
X,d1,d2,4a3,....

Let / be the ideal of F generated by {[a;, aj]|i,j > 1}.

Higman proved that Idg(x) is nilpotent if and only if F// is nilpotent, and
he proved that F// is nilpotent.

In fact F/I has class 12. Furthermore, Idg,;(x + I) is nilpotent of class 6.
This implies that Idg(x) is nilpotent of class 6.

This, in turn, implies that if G is a finite m-generator group of exponent 5,
then G is nilpotent of class at most 6m.
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Application of Higman's reduction

Applying Higman's reduction to finite n-Engel p-groups, we see that the

nilpotency class of the normal closure of an element has the following

bounds.

= =3 | p= = p>T
n=72 1 1 1 1 1
n=3 2 2 2 2 2
=4 4 3 4 3 3
5 ? 00 6 5 47
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